Abstract. By recognizing them as fundamental groups of developable complexes of groups we prove that mapping class groups of compact orientable surfaces have finite asymptotic dimension.
Introduction
Asymptotic dimension was introduced by Gromov [10] in his study of asymptotic invariants of infinite groups. It is the large-scale analog of topological (covering) dimension. For a metric space X we define asdim X ≤ n if for every (large) r there is a cover of X by uniformly bounded subsets U i such that for any x ∈ X, B r (x) meets at most n+1 distinct U i . Define asdim X = n if asdim X ≤ n and asdim X ≤ n − 1.
A group Γ with a finite set of generators S can be endowed with a leftinvariant word metric by setting d S (g, h) equal to the minimal length of an S-presentation of g −1 h. Two such metrics are quasi-isometric. As with other asymptotic invariants, the asymptotic dimension is an invariant of quasi-isometry (in fact, it is a coarse invariant, see [16] . This means that the asymptotic dimension of a finitely generated group is well defined: asdim Γ = asdim(Γ, d S ) where S is some finite generating set for Γ.
Although computing asdim Γ for finitely generated groups Γ is interesting on its own, G. Yu's work [18] brought the first real attention to this problem. He proved that the Novikov higher signature conjecture holds for geometrically finite groups with finite asymptotic dimension; this made the question of determining exactly which groups have finite asymptotic dimension an extrinsically interesting one. Classes of groups with finite asymptotic dimension include hyperbolic groups [10] , Coxeter groups [9] and arithmetic groups [14] . There are also many examples of finitely generated groups with infinite asymptotic dimension including Thompson's group F [16] and the first Grigorchuk group [17] .
Mapping class groups remained one class of well-studied groups for which the question of finite or infinite asdim was unresolved. The first author and Fujiwara [4] were able to show that mapping class groups of surfaces with genus ≤ 2 had finite asymptotic dimension, but the question remained open for surfaces of larger genus.
In the current note we recognize mapping class groups as developable complexes of groups such that both the local groups and the geometric realization of the development have finite asymptotic dimension. Then, combining the work on genus at most 2 with [5] we are able to prove that asdim Mod S < ∞ when 3g − 3 + p > 1.
The next section contains a brief overview of the theory of complexes of groups. The final section contains our main theorem. Unless otherwise stated all groups are assumed to be finitely generated and endowed with a word metric; all surfaces are assumed to be compact and orientable.
Background
The Bass-Serre theory detailing the correspondence between groups acting cocompactly isometrically on trees and fundamental groups of graphs of groups is well known. The higher-dimensional analog (in its most general form) was introduced by Haefliger [11] and a detailed description can be found in [6] . In this theory, the action on a tree is replaced with an action on a so-called small category without loops (or scwol ) and the graph of groups construction is replaced with a complex of groups.
Our notation and development will follow Bridson-Haefliger [6] .
Definition. A small category without loops (abbreviated scwol) is a set X that is the disjoint union of a vertex set V (X ) and an edge set E(X ). There are maps
assigning to each edge a the initial vertex of a and the terminal vertex of a, respectively. Let
} denote the pairs of composable edges. There is also a map
assigning to a pair (a, b) its composition (ab). These maps satisfy: Let E (k) (X ) denote the composable sequences of edges of length k. By convention, E (0) (X ) = V (X ). We define the dimension of the scwol X to be the maximum k such that E (k) (X ) is not empty.
Definition. The geometric realization |X | is a piecewise Euclidean polyhedral complex, with each k-cell isometric to the standard simplex ∆ k . There is one such k-simplex A for each A ∈ E (k) (X ). The identifications are the obvious ones induced by the face relation among simplices.
Observe that the geometric realization need not be a simplicial complex, since it may be the case that the intersection of two simplices is a union of faces. Since the geometric realization is a Euclidean complex we endow it with its intrinsic metric. The geometric dimension of |X | is the same as the dimension of the combinatorial object X .
Definition.
A group action on a scwol is a homomorphism G → Aut(X ) satisfying (1) for every g ∈ G, and for all a ∈ E(X ) g.i(a) = t(a).
(2) for every g ∈ G, and for all a ∈ E(X ) if g.i(a) = i(a), then g.a = a.
Notice that a group action on a scwol induces an isometric action of the group on the geometric realization |X |. Since we are primarily concerned with isometric actions on metric spaces, this is the action that we consider.
One forms the quotient Y = G\X of the scwol X by the action of G by taking V (Y) = G\V (X ), and E(Y) = G\E(X ). One can verify that Y has the structure of a scwol.
, there corresponds a group G σ called the local group at σ; (2) for each a ∈ E(Y) there exists an injective homomorphism ψ a :
Given a group G and an action of G on the scwol X , there is an explicit construction of the complex of groups over the quotient scwol that we do not describe here. On the other hand, it is not always the case that an arbitrary complex of groups can be associated to a group action on some scwol X . When this occurs, we say that the complex of groups is developable and we refer to the associated scwol X as the
When a complex of groups is developable, there is an explicit method of constructing both the scwol X and the group G which acts on the scwol. The scwol X on which the group acts is simply connected and has an explicit description in a similar way to the construction of the treeX in the theory of graphs of groups (see [6] ).
We briefly describe the fundamental group of the complex of groups π 1 (G(Y)), which is the group G, up to isomorphism. First we construct an auxiliary group F G(Y). Let E ± (Y) denote the collection of symbols {a + , a − } where a ∈ E(Y). If e = a + , then define i(e) = t(a) and t(e) = i(a). Accordingly, if e = a − , define t(e) = t(a) and i(e) = i(a). Define F G(Y) to be the free product of the local groups G σ and the free group generated by the collection E ± (Y) subject to the additional relations:
(1) (a
We assume that Y is connected. Choose some maximal tree T in |Y| (1) . Then, π 1 (G(Y), T ) is F G(Y) subject to the additional relation a + = 1, for all a ∈ T. As one expects, different choices of maximal trees give rise to isomorphic fundamental groups.
Results
Let S be an orientable surface with genus g and p boundary components. We let Mod S denote the mapping class group of S, i.e., the group of orientation-preserving diffeomorphisms of S up to isotopy. The pure mapping class group, PMod S , is the group of isotopy classes of orientation-preserving diffeomorphisms preserving setwise all boundary components of S. Notice that PMod S ⊂ Mod S with finite index.
The curve complex C(S) of S is a simplicial complex whose vertices are isotopy classes of simple closed curves in S that are non-trivial in the sense that they do not contract to a point or to the boundary in S. The vertices γ 0 , γ 1 , . . . , γ k span a k-simplex in C when they can be simultaneously represented by pairwise-disjoint curves C 0 , C 1 , . . . , C k in S. The group Mod S acts on the complex of curves in a natural way.
If f ∈ Mod S is represented by a diffeomorphism F : S → S and C is a vertex of C(S), then f C → F (C) .
Since C(S) is a simplicial complex, we define its associated scwol X to be the scwol whose geometric realization is the geometric realization of β 1 C(S), the first barycentric subdivision of C(S). Thus, V(X ) is the set of (barycenters of) cells of C(S) and an edge a ∈ E(X ) consists of a pair of cells τ ⊂ σ. We define i(a) = σ and t(a) = τ .
Next we verify that the induced action on X is a group action on a scwol in above sense. We have to verify that:
(1) for all a ∈ E(X ) and all f ∈ Mod S , f.i(a) = t(a); and (2) for all a ∈ E(X ) and all f ∈ Mod S , if f.i(a) = i.(a), then f.a = a. It is easy to check both of these conditions; (1) is true by considerations of dimension (note that dim C(S) < ∞, see [13] ) and (2) is true automatically for the barycentric subdivision.
In what follows we exclude the cases 3g − 3 + p ≤ 1 since in these cases C(S) is either empty or 0-dimensional. Proposition 1. Let S be an orientable surface of genus g with p punctures such that 3g − 3 + p > 1 and let X be the scwol associated to C(S) as above. Then asdim |X | < ∞.
Proof. In [4] , the first author and Fujiwara showed that for such surfaces, asdim |C(S)| < ∞. Since |X | is |β 1 C(S)|, we see that |X | and |C(S)| are coarsely equivalent. Thus, asdim |X | < ∞.
We define X to be simply connected if |X | is connected and π 1 (|X |, σ 0 ) = 0 for some (hence any) σ 0 ∈ V(X ). (Note that this is not the definition given in [6] but it is equivalent.)
Observe that when X is the scwol associated to β 1 C(S) then, X is simply connected when 3g − 3 + p > 1. This follows from [13, Theorem 3.3A].
Now we want to associate to the action of Mod S on X a complex of groups structure.
First, we define Y = Mod S \X . The number of orbits of cells of dimension ≤ n is simply the number of arrangements of n + 1 disjoint circles on S up to diffeomorphism. This number is finite and so Y is a finite scwol.
The following appears as Corollary 3.15 in [6] .
Corollary 2. Let G be a group acting on a simply connected scwol X with quotient Y = G\X and G(Y) be the complex of groups associated to this action (with respect to some choices). Let T be a maximal tree in the 1-skeleton of the geometric realization of Y. Then G is isomorphic to π 1 (G(Y), T ) and X is equivariantly isomorphic to D(Y).
Rephrasing this in our language, this means that Mod S is isomorphic to a fundamental group of a finite complex of groups.
For σ ∈ V(Y) let G σ be the isotropy subgroup ofσ ∈ X , wherē σ → σ under the natural projection Y → X .
Next, we recall the main result from [5] .
Theorem 3. Let Γ be the fundamental group of a finite developable complex of groups G(Y) such that the development X has asdim |X | < ∞ and such that every base group G σ has asdim G σ < ∞. Then, asdim Γ < ∞.
We are now in a position to prove our main theorem.
Theorem 4. Let S be an orientable surface with genus g and p punctures satisfying 3g − 3 + p > 1. Then asdim Mod S < ∞.
Proof. Our argument follows the techniques and notation of [13] . In particular, we use double induction on the genus and the number of punctures. The base cases were established by the first author and Fujiwara, [4] and are summarized here. In particular, when g ≤ 2 asdim Mod S is already known to be finite. First we consider the inductive step on p. We will use the fact that asdim PMod S = asdim Mod S since the former group sits inside the latter with finite index. Suppose that S is not closed and that p > 4−2g (so that we are not in the base-case situations described above). Let R be the result of gluing a disk into a boundary component. Then, since the Euler characteristic of R is negative, we have an exact sequence
By the extension theorem for asymptotic dimension (see [3] for example) and the fact that asdim π 1 (R) ≤ 2 (see [4, Lemma 5]), we see that asdim PMod S ≤ asdim PMod R +2.
Next, we move to the induction step on the genus. By Theorem 3 it suffices to show that asdim G σ < ∞ for each σ ∈ V(Y). We consider the action of PMod S on X . Since PMod S ⊂ Mod S with finite index, to show that asdim G σ < ∞ it is enough to consider the stabilizer of σ under the action of PMod S . Let g > 2 and observe that we may assume S to be closed by the remarks above and the fact that 3g − 3 + p > 1 always holds when g > 2. Consider the n-simplex σ in Y corresponding toσ ∈ X spanned by (say) C 0 , . . . , C n . Let G 0 be the subgroup of PMod S of isometry classes of diffeomorphisms F : S → S with F (C i ) = C i such that F preserves the sides of each circle. Then G 0 ⊂ G σ with finite index, so it is sufficient to show that asdim G 0 < ∞. Since they span a simplex, the curves can be realized by disjoint circles in S.
A diffeomorphism F representing an element of G 0 can be cut along C 0 ∪ · · · ∪ C n giving rise to a canonical homomorphism G 0 → Mod Q , where Q is the result of cutting X along C 0 ∪ · · · ∪ C n . The homomorphism is surjective and its kernel is generated by Dehn twists around the C i that pairwise commute (see [13] ). This yields the exact sequence
By the extension theorem for asymptotic dimension, asdim G 0 ≤ asdim Mod Q +n + 1. Since S was assumed to be closed, the genus of Q is strictly less than the genus of S, so by induction asdim Mod Q < ∞. Thus, asdim G 0 < ∞, which implies that asdim G σ < ∞.
Our main theorem implies the following theorem due (independently) to Hamenstädt [12] and Kida [15] .
Corollary 5. Let S be a orientable surface with genus g and p punctures satisfying 3g − 3 + p > 1. Then Mod S is exact, i.e. it has Yu's Property A.
Also in view of [1] , [2] , [7] , [8] , [14] it implies the following Corollary 6. The integral Novikov-type conjectures hold for Mod S .
There is some evidence to suggest that asdim Mod S should be equal to vcd Mod S . This is true for g ≤ 2 and in [4] the following inequality appears: 4g − 4 + p ≤ asdim Mod S(g,p) ≤ asdim Mod S(g,0) +p + 1.
Thus, to prove that asdim and vcd agree it would be enough to show that they agree for closed surfaces. Unfortunately these techniques are insufficient to show this. In particular one would need to know asdim C(S).
